We study a Bose-Einstein condensate of 52 Cr atoms confined in a toroidal trap with a variable strength of s-wave contact interactions. We analyze the effects of the anisotropic nature of the dipolar interaction by considering the magnetization axis to be perpendicular to the trap symmetry axis. In the absence of a central repulsive barrier, when the trap is purely harmonic, the effect of reducing the scattering length is a tuning of the geometry of the system: from a pancakeshaped condensate when it is large, to a cigar-shaped condensate for small scattering lengths. For a condensate in a toroidal trap, the interaction in combination with the central repulsive Gaussian barrier produces an azimuthal dependence of the particle density for a fixed radial distance. We find that along the magnetization direction the density decreases as the scattering length is reduced but presents two symmetric density peaks in the perpendicular axis. For even lower values of the scattering length we observe that the system undergoes a dipolar-induced symmetry breaking phenomenon. The whole density becomes concentrated in one of the peaks, resembling an origindisplaced cigar-shaped condensate. In this context we also analyze stationary vortex states and their associated velocity field, finding that this latter also shows a strong azimuthal dependence for small scattering lengths. The expectation value of the angular momentum along the z direction provides a qualitative measure of the difference between the velocity in the different density peaks.
I. INTRODUCTION
Due to the large magnetic dipole moment that chromium atoms possess, a gas of ultracold 52 Cr is a very suitable system for studying the effects of the dipolar interaction in different types of condensates. Although chromium condensates show both dipolar as well as swave contact interactions, a possible way to enhance the effects of the former is to reduce the value of the scattering length, which can be achieved with Feshbach resonances [1] . The wide range of configurations attainable in dipolar condensates have fostered an intense theoretical and experimental activity in the field (see Ref. [2] for a recent review). There have been studies delving into the anisotropic character of the interactions [3, 4] , the sensitivity of the system to the trap aspect ratio [5, 6] , the Thomas-Fermi limit in dipolar condensates [7] , the effects of long-range in the collective excitation spectrum [8] [9] [10] [11] , the appearance of a roton minimum [12, 13] , and the instability and collapse of the system [14] [15] [16] , among others.
The experimental realization of dipolar Bose-Einstein condensates (BECs) in harmonic traps [17, 18] opens the possibility of studying their properties in more complex confining potentials. Optical lattices have been already addressed in the literature (see the review [2] and references therein), as well as double-well potentials [19, 20] , but the present work is to our knowledge the first where dipolar condensates are studied in toroidal traps. Experimentally, toroidal traps can be realized by shining the condensate with a blue-detuned laser beam [21] .
Spontaneous symmetry breaking in quantum gases has recently attracted a lot of interest, especially in doublewell confining potentials. For contact interaction condensates, the authors in Ref. [22] have predicted that this phenomenon can be produced by an external inhomogeneous modulation of the scattering length. Within the framework of dipolar condensates, symmetry breaking phenomena have also been predicted to appear [19, 20] . In Ref. [19] , the authors have observed that depending on the magnetization direction the system undergoes a symmetry breaking, while in Ref. [20] it is the strength of the dipolar interaction that drives the same kind of phenomenon. In all these cases the symmetry broken configuration is related to the self-trapped state of a Josephson junction.
In this work we are interested in determining the physical consequences of the combination of long range anisotropic interactions with a ring-shaped condensate. We concentrate in the particular situation in which the magnetization direction is perpendicular to the trap symmetry axis. Due to the anisotropic character of the dipolar interaction, the particle density does not conserve the azimuthal symmetry of the confining potential, but presents two well defined peaks in the direction perpendicular to the magnetization. We find that when the scattering length is reduced, starting from the chromium natural one, the height of these peaks increases. More-over, for a small enough value one of them disappears, giving rise to a symmetry breaking phenomenon. This behavior could be experimentally confirmed since either trapping atoms in toroidal traps [23] , controlling the swave scattering length [6] and the condensation of dipolar gases [17, 18] are nowadays successfully achieved.
Another important issue that has always attracted much interest in the field is the superfluid character of BECs. The presence of quantized vortices is a clear signature of superfluidity in quantum systems [24] and this subject has received intensive research in the last decades (see [25] for a recent review). It has been recently shown that purely s-wave condensates in toroidal traps are also capable of sustaining (metastable) vortex states, which produce observable persistent flows [21] . This fact has attracted renewed interest in the physics arising in multiply connected geometries. In particular, in the last years, the formation [26] , stability [27] , dynamics [28, 29] , and dissipation [30] of vortices in toroidal traps have been investigated.
The particular characteristics of dipolar interactions in BECs have raised numerous questions regarding the physics of vortices in such systems. Strong theoretical effort has been invested into the characterization of vortices in dipolar condensates [31] [32] [33] [34] [35] . In this work we study stationary vortex states whose vorticity is along the symmetry axis of the toroidal trap. Since the dipolar interaction introduces a density angular dependence, the velocity field of the vortices is accordingly modified. To gain insight into this effect, we study the velocity fields created by phase-imprinted vortex states as a function of the scattering length, i.e. of the angular anisotropy of the condensate density.
This work is organized as follows. In Sec. II we describe the theoretical framework and the system under study. In Sec. III we investigate the effects on the ground state that appear from the combination of the dipolar interaction and the contact interaction when the trap geometry is changed. We work with either a harmonic or a toroidal trap and discuss the differences between both cases. We tune the scattering length to analyze the case in which it is small enough to be comparable to the dipole-dipole interaction, and show that in the toroidal trap a symmetry breaking phenomenon arises. In Sec. IV we analyze vortex states and their associated velocity field. Finally, a summary and concluding remarks are offered in Sec. V.
II. THEORETICAL FRAMEWORK
We consider a Bose-Einstein condensate with N = 5 × 10 4 atoms of 52 Cr, at zero temperature, confined in a toroidal trap. The trapping potential V trap (r) is the sum of an axially symmetric harmonic potential and the potential provided by a Gaussian laser beam [21] . The laser intensity is proportional to V 0 and it propagates along the z direction with waist w 0 . Thus the trapping potential in cylindrical coordinates reads,
where r 2 = x 2 + y 2 , m is the atomic mass, and ω ⊥ and ω z are the radial and axial angular trap frequencies, respectively. These harmonic trap frequencies are fixed at ω ⊥ = 8.4 × 2π s −1 and ω z = 92.5 × 2π s −1 , giving an aspect ratio of λ = ω z /ω ⊥ = 11 and thus describing a pancake-shaped configuration, being z the trap symmetry axis. The laser parameters we have used are V 0 = 15hω ⊥ and w 0 = 10µm.
The magnetic dipole moment of 52 Cr is µ = 6µ B , where µ B is the Bohr magneton. We consider that chromium atoms interact not only via s-wave contact interactions but also via the dipole-dipole interaction
where µ 0 is the vacuum permeability, r − r ′ is the distance between the dipoles, and θ is the angle between the vector r − r ′ and the dipole axis. In this work we choose the magnetization axis to be the y-axis, which is perpendicular to the symmetry axis of the trap . Since the dipoles are situated head to tail along y direction, the dipole-dipole interaction is attractive along this direction and repulsive in the perpendicular ones.
For weakly interacting dipolar BECs the GrossPitaevskii (GP) equation
has proven to provide a good description of stationary states. In this equation ψ(r) is the condensate order parameter normalized to the total number of particles andμ is the chemical potential. The contact interaction potential is characterized by the coupling constant g = 4πh 2 a/m, where a is the s-wave scattering length. The mean-field dipolar interaction V dip (r) is given by
which can be more easily computed by means of Fourier transform techniques (see [35] and references therein). Inserting expression (4) into Eq. (3) an integrodifferential GP equation is obtained, which we solve using the imaginary-time method.
The energy density functional has the standard form but with the additional term E dip :
The last term E dip represents the energy due to the dipolar interaction.
III. GROUND STATE
In this section we analyze the ground state of the dipolar system, ψ 0 (r), which is found by minimizing the total energy (5) , that is, by solving the GP equation (3) . We separately address the cases of harmonic and harmonic plus Gaussian potential, to better analyze the modifications the latter introduces.
A. Harmonic trap
First, we analyze the effect of the dipolar interaction in a BEC confined in a harmonic trap, i.e. without any Gaussian barrier (V 0 = 0 in Eq. (1)), and with the dipoles aligned along the y-axis. Since in this direction the dipolar potential is attractive, it is energetically favorable for the system to locate more atoms along the y-axis rather than in the x one. Therefore, the net size of the condensate along the magnetization direction increases with respect to the purely s-wave case (for a more detailed discussion see Ref. [35] and references therein), whereas along x and z directions it decreases. When the dipolar effects are magnified, that is the scattering length is reduced, the anisotropic nature of the interaction becomes even clearer.
From Fig. 1 it can be seen that with a scattering length a = 100 a B the condensate is still pancake shaped, with the x and y sizes almost equal and the z one much smaller. This shows that for large scattering lengths the dipolar effects are almost negligible, since the dipoledipole interaction introduces only a slight perturbation of the density and therefore the sizes in x and y directions are similar. When the scattering length is reduced the dipolar effects become enhanced and the magnetization direction is privileged, yielding therefore a larger size than in the perpendicular direction. For a further reduction of the scattering length down to a = 12 a B the condensate resembles a cigar with a similar size in the x and z directions but a much larger one along y. For a < 12 a B the system becomes unstable.
In order to quantitatively analyze the deformation of the condensate in the pancake trap, we compute the rootmean-square radius in each direction, namely R i where i = x, y, z. Thus for a = 100 a B we find R x = 10.41 µm, R y = 10.75 µm and R z = 1.26 µm and thus R z < R x ≃ R y while for a = 12 a B we obtain R x = 1.36 µm, R y = 6.13 µm and R z = 0.87 µm which verifies R x ≃ R z < R y . Therefore, in a BEC confined in a pancake trap potential with the dipoles aligned perpendicularly to the trap axis, a change in the scattering length may be translated to a significant change in the condensate geometry. In this particular case, just by reducing the scattering length from 100 a B to 12 a B , it is possible to tune the geometry from a nearly pancake-shaped to a nearly cigar-shaped condensate.
To understand this behavior, we display in Fig. 2 can see that there exists a negative minimum at the center of the trap and that the potential goes to zero more rapidly in the x direction than in the y direction. Moreover there are two maxima around |x| = 16.5 µm with V max = 1hω ⊥ . Thus the energy cost to accommodate atoms along the y axis is lower, which produces the condensate elongation in this direction.
B. Toroidal trap
Now we turn to the study of dipolar condensates in toroidal traps. The Gaussian potential in Eq. (1) introduces a repulsive barrier along the z axis. For large scattering lengths this barrier is not enough to burn a hole at the center of the condensate. However, when the scattering length is reduced the chemical potential of the condensate becomes smaller and eventually equals V 0 , under which condition a hole appears at the center. By changing V 0 one can choose the scattering length for the onset of toroidal geometry. In what follows we will work with V 0 = 15hω ⊥ , for which a hole appears slightly above a = 30 a B (see Table I ). We have checked that no qualitatively different behavior appears when other intensities of the Gaussian beam are used. When the scattering length is large, the main effect of the Gaussian barrier is to decrease the central density and expand the cloud, as shown in the left panel of Fig. 3 for a = 100 a B . In this case, the radii fulfill R x ≃ R y , with R x slightly smaller than R y (see Table I ). This behavior is similar to the previous harmonically trapped system because the dipole-dipole interaction introduces only a slight perturbation of the density.
When the scattering length is small, however, the situation is completely different from the purely harmonic trap. In this latter, the mean-field dipolar interaction was attractive along the y direction and repulsive along the x direction, resulting in a broadening of the condensate in the y axis, namely R x < R y . In contrast, in a toroidal trap and in particular below a = 20 a B , the rms-radii fulfill R x > R y (see Table I ), which certainly presents the opposite behavior to the purely harmonic trap system.
To understand the difference between the two geometries we have drawn in Fig. 4 the mean-field dipolar po- tential for a condensate with a = 20 a B (compare with its corresponding harmonically trapped system in Fig. 2 ).
We can see that it presents two deep minima on the x axis and two saddle-points on the y axis. The main consequence of this energy landscape is that the system will present attractive regions in the x axis and repulsive regions in the y axis, in contrast to the harmonic trap configuration. This situation can be easily understood with the help of Fig. 5 . In this figure we have schematically delimited two types of regions A and B with dashed lines. Within region A the dipoles are mainly displayed side-byside, giving a net repulsive interaction. In region B the atoms are mainly located head-to-tail, which gives an effective attractive interaction. A straightforward effect of the location of regions A and B is that it is energetically favorable for the system to accommodate more dipoles in regions B. Therefore, a dipolar condensate confined in a toroidal trap shows large density maxima in the perpendicular direction to the magnetization axis, and small maxima (or saddle-points) in the magnetization direction. This is clearly seen in Fig. 3 , where in the central and right panels the density profiles along x, y and z are shown for condensates with a = 20 a B and a = 14 a B , respectively. Note that in these cases the density along the z axis (dotted line) is zero, since the Gaussian potential creates a hole along this axis. With these profiles in mind it is important to point out that the differences in the rms-radii (Table I) are mainly provided by the differences in the height of the density peaks and not by a major change in the size of the condensate itself, which remains around the same value (≃ 20 µm) in both directions.
To quantitatively analyze the azimuthal density dependence, we show in Fig. 6 the evolution of the maximum density values along the x-axis, ρ 0 (x m ), and along the y-axis, ρ 0 (y m ), as a function of the scattering length. A strong deviation of both quantities occurs when the scattering length is reduced below the value in which the condensate geometry becomes multiply connected. The vertical line in Fig. 6 marks the scattering length below which a hole in the condensate density appears. For an even smaller value of the scattering length, below a = 13 a B , a symmetry breaking (SB) occurs. The atoms are accumulated only around one of the peaks. We have checked this result by starting the minimization procedure with different initial wave functions, including a symmetric wave function and a randomly generated one. In all cases we have obtained the same final asymmetric state. In Fig. 7 we compare the equidensity lines in the z = 0 plane of two different configurations with a = 20 a B and a = 12 a B . For a = 20 a B the system still presents reflection symmetry but for a = 12 a B the symmetry is broken. It is interesting to observe that not only do the atoms accumulate at one side of the condensate but also their density distribution appears more resistive to curve. This effect is a consequence of the fact that the dipolar interaction forces the particles to locate themselves head-to-tail.
The symmetry breaking phenomenon presented here is a result of the combination of the toroidal geometry of the external potential and the anisotropic character of the mean-field dipolar interaction, which yields a selfinduced energy barrier in the azimuthal direction (see Fig. 4 ). When the scattering length is small, the attractive part of the dipolar interaction becomes large enough to be energetically favorable for the system to distribute all atoms in only one of the minima of the potential, which yields a symmetry broken configuration. With the present choice of parameters, a further reduction of the scattering length leads to the system collapse.
Recently, SB phenomena in dipolar condensates confined in double-well traps have been reported in Refs. [19] and [20] . In Ref. [19] , the magnetization direction is used to induce SB, while in Ref. [20] it is the number of dipoles in the double well that drives it. The mechanism triggering the effect is the presence of a repulsive barrier in systems that are dominated by attractive interactions. The main difference between the present configuration and the ones exposed in Refs. [19, 20] is that we deal with a self-induced SB, since it is the dipolar interaction itself and its anisotropic character what brings about the effect. In contrast, in the double-well case, SB should be observed in purely s-wave condensates with attractive interactions, provided the number of atoms is smaller than the critical one.
IV. VORTEX STATES
Toroidal traps have been experimentally shown to be capable of sustaining persistent flows [21] . This fact is related to the existence of metastable vortices [27] . In this section we study and characterize the anisotropic velocity flow that a phase-imprinted metastable vortex introduces in the toroidal condensate in presence of dipolar interactions.
A. Numerical generation of vorticity and vortex density profiles
To generate vortex states along the z axis we have used an ansatz already described in Ref. [36] , namely we first obtain the ground state order parameter ψ 0 from Eq. (3) and then imprint a velocity field in the following form:
with n the quantum number related to the velocity circulation. We use this ansatz as the initial wave function of the imaginary-time evolution of the GP equation (3). After convergence, we obtain the n-vortex state of the system. Note that with our choice of magnetization axis (y) the axial symmetry is removed and thus the angular momentum along the z axis is no longer L z = nhN , since the angular momentum operator does not commute with the Hamiltonian anymore. A signal that the system can sustain metastable vortices [27] is the presence of a valley in the ground state density landscape, which may produce a local vortex energy minimum. In this case, after the minimization process, one can obtain a vortex state captured in the toroidal trap due to a vortex energy barrier produced by the surrounding density maxima [27] . In our system, where the axial symmetry is not achieved, the energy barrier [27] is related to the height of the saddle points of the density lansdcape which are located along the y-axis.
In Fig. 8 we show the ground and two-vortex state densities for a dipolar condensate with a = 100 a B . Since the ground state is a simply connected condensate, the density does not exhibit a hole, hence we find that multiply quantized vortices are less favored than multiple singly-quantized vortices. Although the initial imprinting method produces a doubly-quantized vortex along the z-axis at x = 0 and y = 0, during the minimization process the vortex splits into two singly-quantized vortices. Since the density maximum (saddle-point) is smaller along the y direction the final state converges to two vortices placed at the y-axis (see central panel of Fig. 8 ). This stationary configuration is possible because the velocity field due to the other vortex cancels with the contribution to the vortex velocity provided by the density inhomogeneity [37] . We have found that the initial doubly-quantized vortex always splits in two singly-quantized vortices, even in the case of multiply connected geometry, i.e. with zero density at the center of the trap. However, for scattering lengths between a = 25 a B and a = 30 a B the density at the center of the trap is very small, since the vortices are very close together. Below a = 25 a B the system is not capable of sustaining two vortices, since the height at the saddle-points is not large enough.
To characterize the velocity field in the case of large asymmetric density configurations in the toroidal trap, we have studied singly quantized vortices. The velocity field will be analyzed in the next paragraph, but here we comment on the density distribution of such a configuration. In Fig. 9 we show the density profiles for the ground state and a single-vortex state for a condensate with a scattering length a = 20 a B . Note that along the z-axis both densities vanish. In this case, in contrast to the case of a large scattering length, the presence of the vortex does not produce a large change in the density distribution compared to the vortex-free configuration.
B. Vortex velocity field
The initially imprinted velocity field, Eq. (6), of a single vortex corresponds to a homogeneous medium or an axially symmetric condensate. Our system is not axially symmetric and thus the modulus of velocity field, for a given radius, varies around the torus. This is simply understood by reminding that in stationary conditions the current intensity is constant along the torus,
where dS is the surface element. The velocity field v(r) is related to the phase S(r) of the wave function through
The integral in Eq. (7) is calculated in a torus section. It is easy to see from this equation that for the angles where the density is lower (regions A) the velocity is larger, while in the angles where the density shows a maximum (regions B) the velocity is minimum.
In Fig. 10 we display the x and y components of the velocity field at the positions y m and x m of the density maxima, respectively v x (y m ) and v y (x m ) (see also Fig. 11) . For a = 100 a B , since the dipolar effects are small the densities along each axis are similar and, therefore, both components of the velocity are equal. When we reduce the value of the scattering length, dipolar effects become sizeable and the density difference increases (see Fig. 6 ), hence decreasing the difference in both components of the velocity. This can be used to generate a desired local velocity field intensity by only tuning the scattering length using a Feshbach resonance.
Although the angular momentum L z is not conserved, its expectation value L z can provide a qualitative estimation of the difference between the velocity field in the different regions of the torus. As expected, for large scattering lengths the angular momentum per particle is almost one, see Fig. 12 . As a decreases the angular momentum decreases, being the variation much stronger when the condensate exhibits a hole, below a = 30 a B . The reduction in the angular momentum is an evidence of the presence of self-induced energy barriers, which diminish the net particle flow. Since in our case the azimuthal energy barrier is larger when the scattering length is reduced, a measure of the angular momentum in the z direction could provide information of the strength of the dipolar interaction with respect to the contact interaction. 
V. SUMMARY AND CONCLUDING REMARKS
In this paper we have studied the effects induced by the anisotropic nature of the dipolar interaction in a BoseEinstein condensate of chromium atoms, especially in the case of toroidal trapping. We have considered the magnetization axis to be perpendicular to the harmonic trap symmetry axis and we have analyzed the system for different scattering lengths.
We have studied the system confined in a harmonic potential. In this case it is possible to tune its geometry just by varying the scattering length: for a large scattering length, the system shows mainly an oblate (pancakeshaped) geometry, while for small scattering lengths it can reach the configuration of a prolate (cigar-shaped) condensate.
The anisotropic character of the dipolar interaction can be further enhanced if a toroidal trap is used. The density then becomes inhomogeneously distributed along the torus, showing large and small density peaks as the azimuthal angle is varied for a fixed radius. The larger density peaks are observed in the x-axis, where the mi- croscopic dipole-dipole interaction is repulsive but the net mean-field dipolar interaction is mainly attractive. The difference between these density peaks in the x and y axes increases as the scattering length is reduced. For a low enough value of the scattering length, which in our configuration lies below a = 13 a B , a dipolar-induced symmetry breaking phenomenon occurs: the atoms are concentrated along only one of the major density peaks, reminding thus of a cigar-shaped condensate parallel to the magnetization direction.
Since toroidal traps can sustain persistent flows we have numerically obtained metastable vortex states using a minimization procedure with an initial phase-imprinted wave function. For the geometry of the systems studied in the present work, the velocity fields show a strong azimuthal dependence. Following a given constant radius along the torus, the absolute value of the velocity is smaller (larger) where the density shows a maximum (minimum), in the intersection with the x axis (y axis). We have also computed the expectation value of the angular momentum along the trap symmetry axis. As we have chosen the dipolar interaction direction perpendicular to this axis, the z component of the angular momentum is not quantized. Its reduction with respect to the non-dipolar system is an evidence of the presence of selfinduced energy barriers, which diminish the net particle flow. Since the current intensity is conserved along the torus, the net consequence of this reduction is a larger difference in magnitude of the velocity at the density critical points.
In conclusion we have found that the combination of dipolar interactions and toroidal trapping potentials leads to sizeable changes in the density and velocity field distributions that could be in principle experimentally observed.
